We survey the equations of continuous-time quantum walks on simple one-dimensional lattices, which include the finite and infinite lines and the finite cycle, and compare them with the classical continuous-time Markov chains. The focus of our expository article is on analyzing these processes using the Laplace transform on the stochastic recurrences. The resulting time evolution equations, classical versus quantum, are strikingly similar in form, although dissimilar in behavior. We also provide comparisons with analyses performed using spectral methods. ¤
Introduction
The theory of Markov chains on countable structures is an important area in mathematics and physics. A quantum analogue of continuous-time Markov chains on the infinite line is well-studied in physics (for example, it can be found in [12] , Chapters 13 and 16). More recently, it was studied by Aharonov et al. [2] and by Farhi and Gutmann [11] . The latter work placed the problem in the context of quantum algorithms for search problems on graphs. Here the symmetric stochastic matrix of the graph is viewed as a Hamiltonian of the quantum process. Using Schrödinger's equation with this Hamiltonian, we obtain a quantum walk on the underlying graph, instead of a classical random walk.
Recent works on continuous-time quantum walks on finite graphs include the analyses of mixing and hitting times on the £ -cube [16, 14] , of mixing times on circulant graphs and Cayley graphs of the symmetric group [6, 13] , and of hitting times on path-like graphs [8, 9] . Most of these are structural results based on spectral analysis of the underlying graphs, such as the £ -cube, circulant and Cayley graphs, and (weighted) paths. For example, Moore and Russell [16] proved that the mixing time of a quantum walk on the £ -cube is asymptotically faster than a classical random walk; Kempe [14] proved that the hitting time for vertices on opposite ends of the £ -cube is exponentially faster than in a classical random walk. Ahmadi et al. [6] and Gerhardt and Watrous [13] proved that circulants and the Cayley graph of the symmetric group lack the uniform mixing property found in classical random walks.
A recent work of Childs et al. [9] gave intriguing evidence that continuous-time quantum walk is a powerful method for designing new quantum algorithms. They analyzed diffusion processes on onedimensional structures (finite path and infinite line) using spectral methods. Another work by Childs and Goldstone [10] explored the application of continuous-time quantum walks to perform Grover search on spatial lattices.
There is an alternate theory of discrete quantum walks on graphs, which we will not discuss here. This alternate model was studied in Aharonov et al. [4] and Ambainis et al. [5] , but had appeared earlier in work by Meyer [15] . The work by Ambainis et al. [5] had also focused on one-dimensional lattices. Recently, Ambainis [1] developed an optimal (discrete) quantum walk algorithm for the fundamental problem of Element Distinctness. This offers another idea for developing quantum algorithms.
We survey and (re)derive equations for the continuous-time classical and quantum walks on onedimensional lattices using the Laplace transform that works directly with the recurrences. The Laplace transform is a well-known tool in stochastic processes (see [7] ) and it might offer a useful alternative to the Fourier transform in certain settings. 
Stochastic walks on graphs
The solution this equation, modulo some conditions, is The table in Figure 2 shows the known equations for continuous-time stochastic walks on the infinite (integer) line
ertices, in terms of the two kinds of Bessel functions i a nd i i . We assume here that the particle is initially at P . The plots in Figures 3 and 4 show the dissimilar behavior of the classical versus quantum walks.
Graph

Classical walk
Quantum walk ) 2 1 7 probability on vertex " at time 
Laplace transform
The Laplace transform of a time-dependent function
The only basic properties of the Laplace transform which we will need are (see [3] ):
The relevant Inverse Laplace transform involving the Bessel functions are (for
The infinite line
Classical process. The Kolmogorov equation for the infinite line is
The solution of´
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Using the Inverse Laplace transform (4), after shifting
This is a probability function, since
(see Eqn. 9.6.33 in [3] ).
Quantum process. The Schrödinger equation for the infinite line is
The Laplace transform of (11) is
The solutions of´
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The Inverse Laplace transform (5) 
The eigenvalue equation
. Thus, the amplitude of position " when the particle starts at position
Childs et al. [9] gave a more generalized analysis along these lines. 
Using the extra condition and (21), we get 
The Inverse Laplace transform (5) gives, for 
From earlier analysis, we get the following Bessel equation
It is an open question if there exists a time , it is known that instantaneous exact uniform mixing is achieved (see [16, 6] 
a nd boundary conditions
The Laplace transform of (31) is 
The Inverse Laplace transform (4), after shifting, yields, for This expository survey reviews equations for the continuous-time quantum walks on one-dimensional lattices. The focus was on analysis based on the Laplace transform which works directly with the stochastic recurrences. It would be interesting to extend this analysis to higher-dimensional or to regular graph-theoretic settings. Another interesting direction is to consider lattices with defects and weighted graphs [9] .
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